Semiparametric exponential family proposed by Ning et al. (2017) is an extension of the parametric exponential family to the case with a nonparametric base measure function. Such a distribution family has potential application in some areas such as high dimensional data analysis. However, the methodology for achieving the semiparametric efficiency has not been proposed in the existing literature. In this paper, we propose a profile likelihood to efficiently estimate both parameter and nonparametric function. Due to the use of the least favorable curve in the procedure of profile likelihood, the semiparametric efficiency is achieved successfully and the estimation bias is reduced significantly. Moreover, by making the most of the structure information of the semiparametric exponential family, the estimator of the least favorable curve has an explicit expression. It ensures that the newly proposed profile likelihood can be implemented and is computationally simple. Simulation studies can illustrate that our proposal is much better than the existing methodology for most cases under study, and is robust to the different model conditions.
1. Introduction.
Parametric exponential family.
Exponential family may be the most popular distribution pattern. This special form is chosen for mathematical convenience, due to some useful algebraic properties, as well as for generality, because it is a very natural set of distributions in some sense. The classical exponential family contains common and important distributions such as normal distribution, exponential distribution, gamma distribution, chi-squared distribution, beta distribution and so on. Specifically, a random variable Y ∈ Y ⊆ R follows the natural exponential family with unknown parameter θ, if its density has the form:
(1.1) p(y; θ) = exp {θ · y − b(θ) + log f (y)} .
In the distribution family, f (·) is a given base measure function and then b(·) is a known function. Moreover, if a covariate vector X ∈ X ⊂ R d is available, the random variable Y follows given X the natural exponential family with unknown parameter β and canonical link θ(x) = β T x, if its density can be expressed as (1.2) p(y; β|x) = exp {θ(x) · y − b(θ(x)) + log f (y)} .
Here the regression coefficient β characterizes the covariate effect, and the known function f (·) specifies a certain distribution in the natural exponential family. For instance, the choice of f (y) = exp{−y 2 /2} results in a linear regression with standard Gaussian noise; the choice of f (y) = 1 for y = 0, 1 leads to a logistic regression; and the choice of f (y) = 1/y! for y = 0, 1, 2, · · · induces a Poisson regression.
1.2. Semiparametric exponential family.
Semiparametric framework.
It is worth pointing out that in the classical exponential families (1.1) and (1.2), the base measure function f (·) is always supposed to be known. A natural problem now is how to extend the distribution family to the case with unknown function f (·). Recently, Ning et al. (2017) provided some examples to show that under some situations the parametric exponential family distributions can result in a semiparametric exponential family distribution with an unknown base measure function, and such a semiparametric exponential family has potential application in high dimensional data analysis, including incomplete data, selection bias and heterogeneity.
Specifically, a random variable Y ∈ Y ⊆ R satisfies a semiparametric natural exponential family (spEF) with unknown parameters (θ, f ), if its density has the form: (1.3) p(y; θ, f ) = exp {θ · y − b(θ, f ) + log f (y)} , where f (·) is an unknown base measure function, θ is an unknown canonical parameter and b(θ, f ) = log Y exp{θ · y}f (y)dy < ∞ is the log-partition function. More conditions and explanations for the model will be given in the next section. Moreover, for a d-dimensional covariate X ∈ X ⊂ R d , suppose the canonical linear link θ = β T x. Then, Y given X follows the spEF with unknown parameters (β, f ) if its density can be expressed as (1.4) p(y; β, f |x) = exp β T x · y − b(β T x, f ) + log f (y) .
In the spEF, the newly defined base measure function f (y) can be thought of as an infinite dimensional parameter. With suitable choices f (y), the spEF recovers the whole class of natural exponential family distributions, showing the spEF extends the classical natural exponential family to the case with infinite dimensional base measure f (·).
1.2.2.
Existing methodology and related concerns. The existing method of Ning et al. (2017) focuses only on the parametric component β but regards the nonparametric component f (·) as a nuisance parameter. By a conditional likelihood, the nonparametric component f (·) is eliminated and then the parametric component β can be estimated consistently. Suppose that (X i , Y i ), i = 1, · · · , n, are independent observations from (1.4). Denote
) be the rank and order statistic of Y, respectively. Then, given X, the conditional density p(y; β, f |x) of Y can be expressed
As shown by Ning et al. (2017) , the first factor on the right hand side of the equation (1.5) is free of f , i.e., P (R = r; β, f | x, y (·) ) = P (R = r; β | x, y (·) ). Without the nonparametric function f (·), Ning et al. (2017) use the conditional likelihood
to infer the parameter of interesting β. The estimation consistency can be achieved successfully. When looking at the conditional likelihood (1.6), however, we have the following concerns:
(1) Loss of semiparametric efficiency. By comparing the conditional likelihood (1.6) with the full likelihood (1.5), we can see that the conditional likelihood (1.6) does not contain full information of β. More specifically, the second factor p(y (·) ; β, f | x) on the right hand side of (1.5), which is excluded from the conditional likelihood, also contains the information of the parameter of interesting β. Consequently, the estimation efficiency will be lost only by conditional likelihood (1.6). (2) Computational complexity and estimation bias. Moreover, the conditional likelihood (1.6) is computationally intensive due to the combinatorial nature of permutations. To this end, Ning et al. (2017) employed the 2th order information form of the conditional likelihood (1.6) as its surrogate, which has the form:
where
For easy examining the behavior of l(β), we consider the univariate regression as
where the scalar parameter β > 0, the errors ε 1 , · · · , ε n are independent and identically distributed as an exponential family distribution with known σ 2 . It can be seen from the regression (1.8) that if σ 2 is small, then
The above indicates that to maximize the conditional likelihood function l(β) in (1.7), the positive parameter β should has a relatively large value, instead of the true value of β. Thus, it is quite possible that the conditional likelihood in (1.7) is not maximized at the true value of β for the case of small variance σ 2 . Under this situation, the resulting conditional likelihood estimator may have a large bias.
For illustrating the issue of estimation bias aforementioned, we now try a simple simulation. Under regression (1.8), let X i , i = 1, · · · , n, be independent and identically distributed as N (0, 1), and ε i , i = 1, · · · , n, be independent and identically distributed as N (0, σ 2 ). With the different choices of σ 2 = 0.05, 0.1 and 1, Figure 1 presents the estimated curves of the median of the conditional likelihood l(β) defined in (1.7) for the case of β = 2 and n = 100, through 100 replications. It can be clearly seen that for the small choices of σ 2 = 0.05 and 0.1, the estimated curves of l(β) are almost overlapped, and are increasing functions of β in the interval [0, 10] . In this case, the maximum value of the conditional likelihood function l(β), if it exists, should be achieved at a value of β beyond 10, instead of the true value β = 2. This illustrates that the resulting conditional likelihood estimator of β has a huge bias for the case of small σ. This point of view will be further illustrated by more simulation studies given in Section 4. 1.4. Our contributions. In this paper, we propose a semiparmatric profile likelihood for efficiently estimating both parametric and nonparametric components in the semiparametric exponential family. This paper contains three major contributions.
(1) Due to the use of the least favorable curve in the procedure of profile likelihood, the semiparametric efficiency is successfully achieved and the estimation bias is significantly reduced. (2) By the relation between the expectation of Y and the derivative of function b(θ, f ), the least favorable curve obtains an explicit expression. Consequently, the the nonparametric estimator of f (y) can be easily estimated, and then the whole procedure of the profile likelihood can be easily implemented. (3) Our methodology can be applied to some commonly used models such as regressions with missing data or heterogeneity, and can be used for other statistical inferences such as the constructions of confidence interval and hypothesis test.
The remainder of the paper is organized in the following way. In Section 2, the semiparametric exponential family is briefly recalled, a motivating example is introduced and some related problems are discussed. In Section 3, the semiparametric profile likelihood for the semiparametric exponential family is introduced, its estimation procedure is suggested and theoretical property is investigated. In Section 4, the finite sample properties of the proposed procedures are evaluated via simulation studies.
Model recognition and estimating equation.
2.1. Model recognition and example. Before introducing the profile likelihood for the semiparametric exponential family, we further recognize the spEFs defined by (1.3) and (1.4). The constraint Y exp{θ · y}f (y)dy < ∞ in the definitions means that the unknown base measure function f (·) is not heavy-tailed. Note that spEF(θ, f ) is identical to spEF(θ, cf ) for any constant c = 0. To address this problem, we need to impose the identifiability condition:
On the other hand, some exponential family distributions, such as the normal distribution, involve dispersion parameters. Under this situation, we can reparameterize the parameters so that the resulting model can be expressed as a semiparametric natural exponential family with newly defined parameters. For the details see Ning et al. (2017) .
To further illustrate the model and motivate our study, we look at the following simple model. Suppose that Y given X = x follows the normal distribution N (θ(x), 1) with θ(x) = β T x. In this case, the density function of Y given X has the form:
Consider the case when the sample {(
, and δ i = 0 otherwise. Suppose the decomposable framework as
As shown by Ning et al. (2017), such a decomposable assumption is common, and for the observed data, the following distribution holds:
2 )g 1 (y). Similar to the spEF in (1.4), the distribution above contains an unknown base measure function f m (y) because of the use of the unknown function g 1 (y). By the definition of b(·, ·), we have
It can be seen that
, we then get the outcome regression model as
Here g(·, g 1 ) is unknown or a known functional of the unknown function g 1 . Thus, the resulting regression (2.4) is actually a generalized partially linear model or generalized partially linear single-index model with linear part β T X i and nonparametric component g 1 or g(·, g 1 ). The use of g(·, g 1 ), instead of ignoring it, can improve the estimation precision; see for example Carroll et al. (1997) , Severini and Wang (1992) and Severini and Staniswalis (1994).
Estimating equation.
It will be proved in Appendix that for the spEF in (1.4), the corresponding score functions have zero expectations:
is the derivative of function l(β, f ) with respect to parameter β, and
is the functional derivative of l(β, f ) with respect to function f . The above indicates that theoretically the true values of β and f could be defined as the solutions of the equations in (2.5). Thus, both equations in (2.5) can be used in the procedure of constructing the efficient estimators. The above is the key for our methodological development. The remaining tasks are how to solve the equations (including the functional equation) and how to construct the related estimators.
The main difference from the classical semiparametric models such as partially linear regression is that in the new semiparametric exponential families (1.3) and (1.4), and the equation (2.5), b(β, f ) is a functional of unknown function f , rather than a simple function. Thus, we need special techniques to deal with the issue. Based on the relation between the conditional expectation of Y and the derivative of function b(θ, f ), we use the conditional expectation to replace the functional b(β, f ) and then use nonparametric kernel function to estimate the related unknowns. For the details see the next section.
3. Profile likelihood for semiparametric exponential family. All the issues, including the estimation efficiency loss and the estimation bias increase caused by the conditional likelihood aforementioned in Introduction, and the new outcome regression (2.4) and the new estimating equation (2.5) given in Section 2, motivate us to explore novel approach. In this section, we propose a profile likelihood for estimating both the parametric component β and nonparametric component f (·), efficiently.
3.1. Least favorable curve. To achieve semiparametric efficiency, by the profile likelihood theory in semiparametric models (see Severini and Wang (1992) ), we need to find a least favorable curve, a function: β ∈ B → f β ∈ R, with which the estimation efficiency for parameter β can be achieved. It can be seen that the functional derivative of l(β, f ) with respect to f has the form:
.
The proof for (3.1) is given in Appendix. By this and the second equation in (2.5), the function f (y) should satisfy the equation
which can be further expressed as
On the other hand, like the expectation property of the classical natural exponential family, the conditional expectation E(Y |x) and the function b(βx, f ) in the spEF defined by (1.4) have the following relation:
where b (β T x, f ) is the derivative of b(β T x, f ) with respect to θ = β T x. By the equation above, the definition of b(β T x, f ) and the identifiability condition Y f (y)dy = 1, we have
Substituting this into equation (3.2), we then get the solution of f (y) as
It will be verified in the proof of Theorem 1 given below that actually f β (y) is a least favorable curve. Moreover, when β = β 0 , the true value of β, the least favorable curve is equal to the true function f (y), namely,
The use of such a least favorable curve is the key for achieving the semiparametric efficiency.
Estimation methodology.
Here we only consider the case when y is a continuous variable and f (y) is a smooth function of y. For the case of discrete variable, we can use the discrete kernel, together with the method proposed below, to build the nonparametric estimation (see, e.g., Aitchison and Aitken (1976), Racine and Li (2004) , Li and Racine (2007) , and Chen and Tang (2011)), but the details are omitted here.
Let {(Y i , X i ) : i = 1, · · · , n} be a sample of (Y, X). For given β, the conditional expectation E(Y |β T x) can be estimated by common nonparametric methods. For example, its N-W estimator has the form:
where K(·) is a kernel function and h is the bandwidth depending on n. We then estimate exp{
Similarly, we can use a kernel method to estimate the conditional expectation E (·|y). By substituting these into the equation (3.5), the estimators of f β (y) and f β (Y k ) are obtained as
where the weights
The kernel function K(·) and bandwidth h used here may be different from those used in the N-W estimator, but for simplicity, we use the same notations to represent them. Moreover, according to the constraint Y f (y)dy = 1, the standardized estimators of f β (y) and f β (Y k ) can be respectively expressed as
With the estimators f β (y) and f β (Y k ) or f β (y) and f β (Y k ) of the least favorable curve, we get the estimated density as
where f * β is the estimator f β (·) or the standardized version f β (·). As a result, the estimated likelihood function for β is obtained as
Therefore, the profile likelihood estimator of β is obtained as
Finally, we get the estimators of f (y) as
The estimation procedure aforementioned is actually based on the profile likelihood for semiparametric model. The special feature above is that the least favorable curve obtains an explicit expression, and consequently, its nonparametric estimators in (3.6) and (3.7) have explicit expressions. Thus, our methodology can be implemented and is computationally simple. Moreover, by semiparametric model theory (see, e.g., Severini and Wang (1992) 
, and the estimators of f m β (y) and f m β (Y k ) can be expressed as
where O = {i : δ i = 1}, the index set of the observed data. By the relation f m (y) =
2 )g 1 (y), we obtain the estimators of g 1 (y) and g 1 (Y k ) respectively as
By distribution (2.2) and the relation given in (2.3), we use the log-likelihood to estimate β as
Consequently, the function g(β T X i , g 1 ) in regression (2.4) can be estimated by
Finally, for a new observed data X, we get the empirical version of the outcome regression (2.4) as
Note that the maximum likelihood estimation above is different from the least squares estimation for regression (2.4) obtained by minimizing i∈O
because the maximum likelihood uses full information of the distribution and then results in an efficient estimation.
Theoretical properties.
As shown above, we only consider the case when y is a continuous variable and f (y) is a smooth function of y although the method can be extended to the case with discrete variable. We then introduce following regularity conditions. The conditions C1-C5 are common obviously. Denote l(β, f ) = log p(y; β, f |x) and let β 0 be the true value of β. We have the following theorem. 
The proof of the theorem is given in Appendix. For the theorem and its proof, we have the following explanations: Remark 1.
(1) The theorem ensures that our estimator β is semiparametric efficient because i β is the marginal Fisher information matrix for β (Severini and Wang (1992)). (2) Our proof is based mainly on the observation that our estimator f β (y) in (3.6) could be thought of as a local maximum likelihood estimation. It can be seen from the definition (1.4) that for given β, the local likelihood function for f can be expressed as
By the local likelihood above, the derivative (3.1) and the relation (3.4), we get the local maximum likelihood estimator of f (y) as f β (y), which is the same as our estimator given in (3.6). Then, by Lemma 2.4 of Severini and Wang (1992), such a local maximum likelihood estimator f β (y) is a consistent estimator of a least favorable curve. Finally, with the estimator f β (y), Proposition 2 of Severini and Wang (1992) shows that the resulting maximum likelihood estimator β for β satisfies the asymptotical normality as in Theorem 1.
Denote by p β (x|y) the conditional density function of
, where K 2 2 = k 2 (u)du and v 2 β (y) is defined in C2. For the nonparametric estimator f β (y) of f (y), we have the following theorem.
Theorem 3.2. In addition to the conditions C1-C5, if h = O(n −δ ) for some constant 0 < δ < 1/5, then,
where m β (y) is defined in C2.
The proof of theorem is given in Appendix as well. The theorem guarantees the consistency and asymptotical normality of the nonparametric estimator f β (y) of f (y). The asymptotical variance of the estimator depends only on the conditional distribution of exp{β T X · y − b(β T X, f )} for given y.
4. Simulation studies. In this section, we use simulation study to assess the finite sample performance of our proposal, and compare ours with the marginal likelihood proposed by Ning et al. (2017) . Because their marginal likelihood (1.6) is computationally intensive, as shown in Introduction, the 2th order information form given in (1.7) is used as its surrogate. For comprehensive comparison and assessment, several univariate regressions and multivariate regressions with complete or incomplete data are considered simultaneously. The estimation mean, median, bias, mean squared error (MSE) and standard deviation (sd) of the parameter estimators are reported to evaluate the performances of the parametric estimation, and the estimation curve of the median of the estimators of the nonparametric function is used to examine the behavior of the nonparametric estimation. Throughout the simulation procedure, all the numerical results are obtained over 100 replications.
Our main goal is to check if our profile likelihood can obtain a high estimation efficiency and reduce the estimation bias as claimed in the previous sections. Experiment 1. We begin with the following univariate linear regression model:
In the simulation procedure, the parameter of interesting β is chosen as β = 2, the variables X i , i = 1, · · · , n, are independently generated from N (µ, 1), and the error i , i = 1, · · · , n, are independently generated from N (0, σ 2 ). Simulation results with different choices of n, µ and σ 2 are reported in Table  1 and Table 2 , in which β and β N denote the parameter estimators of ours and the 2th order information estimator of Ning et al. (2017), respectively. Table 1 presents the simulation results for n = 100. From the Table 1 , we have the following findings:
(1) For the case of error variance σ 2 = 1, our method is much better than that of Ning et al. (2017) since the MSE and standard deviation of our method are significantly smaller than those of Ning et al. (2017) uniformly for all the choices of µ. But the differences between the biases, means and medians of the two types of the estimators are not significant. (4) In the case of large error variance, the variance of our estimator is slightly increased, and the difference between the estimation variances of the two types of estimators is not significant. Table 2 gives the simulation results for n = 200 and 400. Similar to the findings from Table 1 with n = 100, for the cases of n = 200 and 400, our method is also much better than that of Ning et al. (2017) in the sense that ours can significantly reduce MSE and bias. Particularly, when σ 2 = 0.1, the estimator β N of Ning et al. (2017) has a huge bias and a relatively large variance, which again illustrates the point of view: the conditional likelihood will result in a large bias of modeling when σ 2 is small. Moreover, by comparing the results in Table 2 with those in Table 1 , we can see the MSE of our estimator β tends to zero with a fast speed as the sample size n increases, implying the consistency of the estimator β. But the convergence rate of the estimator β N is relatively slow. Similar to the case of n = 100, when the error variance is large, the estimation variance of ours is slightly increased, and sometimes is larger than those of the estimator of Ning et al. (2017) .
It is worth noting, on the other hand, that our new method can consistently estimate the unknown base measure function f (y). As shown above, the true base measure function is f (y) = exp(−y 2 /2). Under the situation of µ = 0 and σ 2 = 1.15, the median (solid line) of estimators f (y) and the true function f (y) (dot line) are presented in Figure 2 . It can be seen that the estimated function f (y) is very close to the true one, implying the consistency of the estimator. Experiment 2. We next consider the multivariate linear regression model:
where the covariate vector X i = (X 1i , X 2i , X 2i ) T , i = 1, · · · , n, are independently generated from N (0, Σ), where Σ = (σ ij ) is the covariance matrix with σ ij = 0.1 |i−j| , and the errors i , i = 1, · · · , n, are independent and identically distributed as N (0, σ 2 ), and are independent of X i . We set β 1 = 1, β 2 = 2 and β 3 = 3 in the procedure of simulation. The simulation results is reported in Table 3 . For the multivariate linear regression, our estimators β 1 , β 2 and β 3 are usually superior to those of Ning et al. (2017) . Furthermore, it is seen that the bias and MSE of the parameter estimators of Ning et al. (2017) are very large when the error variance is smaller than 1. On the other hand, as the sample size n increases, the estimation mean of β = (β 1 , β 2 , β 3 ) T obtained by our new method gets closer to the true value β = (1, 2, 3) T , and the MSE tends to zero.
Moreover, for such a distribution, the true base measure function is f (y) = exp(−y 2 /2). The median of the estimators of the base measure function f (y) is given in Figure 3 , which again demonstrates the consistency of the nonparametric estimator. Experiment 3. We now consider the motivating example with missing data given in Section 2. Suppose
where the parameter β = 2, the variables X i , i = 1, · · · , n, are independent and identically distributed as N (2, 1), and the errors i , i = 1, · · · , n, are independent and follow the normal distribution N (0, 1.1), and are independent of X i . The following two missing mechanisms are considered to create missing values: Under the first missing mechanism (1), the observation probability c is chosen as 0.6, 0.7 and 0.8 in the simulation study, and the simulation results are listed in Table 4 . With the second missing mechanism (2), the observation probability c is chosen as 0.85, 0.90 and 0.95, and the simulation results are reported in Table 5 . We see that for both cases the estimator β of our proposal is significantly superior to the estimator β N of Ning et al. (2017) under all the criteria and for all the choices of observation probability c. Moreover, our method is robust to the choice of the missing mechanism, i.e., whether the decomposable condition holds or not, our method always obtains a better estimator of β. However, without the decomposable condition, the conditional likelihood results in more bad estimation behavior.
In summary, all the simulation studies can illustrate that our profile likelihood estimation for the semiparametric exponential family is consistent and efficient, and is robust to different model conditions and specially to the different choices of the error variance, and is also robust to the choice of missing mechanism. Moreover, the profile likelihood is significantly superior to the existing methodology for most cases considered, specially for the case with small error variance and the case without the decomposable condition. The proof is completed.
Proof of (3.1). The proof follows directly from (A.1).
Proof of Theorem 1. By the profile likelihood theory for semiparametric model (see, e.g., Severini and Wang (1992) , and Bickel et al. (1993) ), we first prove that f β (y) in (3.6) is a consistent estimator of f β (y) given in (3.5) .
Based on the property of kernel estimator, we have that for given β and any function m(x) that has the second-order continuous derivative, the following asymptotic representations hold:
m(X i )W i (y) = E(m(X)|Y = y) + o p (1).
Then, for given β, This ensures that f β (y) is a consistent estimator of f β (y).
We next prove that f β (y) is a consistent estimator of a least favorable curve, i.e., the function f β (y) given in (3.5) is a least favorable curve. It can be seen from the derivative (3.1) and the relation (3.4) that the estimator f β (y) in (3.6) satisfies f β (y) = arg min
By Lemma 2.4 of Severini and Wang (1992), the estimator f β (y) is a consistent estimator of a least favorable curve, implying that actually f β (y) is a least favorable curve. Finally, the above results, together with Proposition 2 of Severini and Wang (1992), yield that the resulting maximum likelihood estimator β for β satisfies the asymptotical normality as shown in Theorem 1.
Proof of Theorem 2. From the Theorem 1 and its proof we can see that asymptotically,
is identically distributed as .
